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Abstract 

For a graph G the symbol G — > (01, . . . , a r ) means that in every r-coloring 
of the vertices of G, for some i £ {1, 2, . . . , r}, there exists a monochromatic 
ai-clique of color i. The vertex Folkman numbers 

F v (ai,...,a r ;q) =min{|V(G)| : G ^ (ai,...,a r ) and K q £ G} 

are considered. We prove that F v (2, . . . , 2; r — 1) = r + 7, r>6 and 

F„(2,...,2;r-2) = r + 9, r > 8. 
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1 Introduction 

We consider only finite, non-oriented graphs without loops and multiple edges. We 
call a p-clique of the graph G a set of p vertices, each two of which are adjacent. 
The largest positive integer p, such that the graph G contains a p-clique is denoted 
by cl(G). In this paper we shall also use the following notations: 

• V(G) is the vertex set of the graph G; 

• E(G) is the edge set of the graph G; 

• G is the complement of G; 

• G[V], V C V(G) is the subgraph of G induced by V; 



*This work is supported by the Scientific Research Fund of the St. Kl. Ohridski Sofia University 
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• G - V, V C V(G) is the subgraph of G induced by V(G) \ V; 

• a(G) is the vertex independence number of G; 

• x(G) is the chromatic number of G; 
. /(G) = X (G) - cl(G); 

• K n is the complete graph on n vertices; 

• G„ is the simple cycle on n vertices. 

Let Gi and G2 be two graphs without common vertices. We denote by Gi + G2 
the graph G for which V(G) = V(Gi) U V(G a ) and E{G) = £(Gi) U £(G 2 ) U 
where £' = {[x,y] : x e V(Gx),y G V(G 2 )}. 

The Ramsey number R(p, q) is the smallest natural n such that for every n- 
vertex graph G either cl(G) > p or a(G) > g. An exposition of the results on the 
Ramsey numbers is given in [55] . We shall need Table 11.11 of the known Ramsey 
numbers R(p,3) (see [2"5]). 
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Table 1.1: Known Ramsey numbers 



Definition. Let a\, . . . , a r be positive integers. We say that the r-coloring 

V(G) = ViU---UV;, ViHVj =1), i^j 

of the vertices of the graph G is (a\, . . . ,a r )-free, if V% does not contain an a^- 
clique for each i £ {1, . . . , r}. The symbol G — > (ai, . . . , a r ) means that there is no 
(ax, ■ • ■ , a r )-free coloring of the vertices of G. 

Let ax, ■ ■ ■ ,a r and q be natural numbers. Define 

H v (ax, ... ,a r ;q) = {G : G — > (ax, . . . , a r ) and cl(G) < 5}, 
F„(ai, . . . ,a r ;q) = min{|T/(G) : G £ i?„(ai, . . . ,a r ;q)}. 

We say that the graph G 6 H v (ax, ■ ■ ■ , a r ; q) is an extremal graph in H v (ax, . . . ,a r ;q), 
H\V(G)\ = F v (ax,...,a r ;q). 

It is clear that G — * (ax,...,a r ) implies cl(G) > max{ai, . . . , a r }. Folk- 
man (3] proved that there exists a graph G such that G — » (ai,...,a r ) and 
cl(G) = max{oi, . . . , a r }. Therefore 

F v (ax, a r ; q) exists <==^> g > max{oi, . . . , a r }. (1-1) 

The numbers F v (ax, . . . ,a r ;q) are called vertex Folkman numbers. 

If ax, . . ■ , a r are positive integers, r > 2 and a^ = 1 then it is easily to see that 

G — * (<ii, . . . , ai, . . . , a r ) <s=^> G? — » (ai, . . . , Oi_i, Oi+i, a r ). 
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Thus it is enough to consider just such numbers F v (a\, . . . , a r ; q) for which a,i > 2, 
i = 1, . . . , r. In this paper we consider the vertex Folkman numbers F v (2, . . . , 2; q). 
Set 

(2,...,2) = (2 r ) and F v (2,...,2; q) = F v (2 r ; q). 

r r 

By (fTTj) 

F v (2 r ;q) exists <=> o > 3. (1.2) 

It is clear that 

G^(2 r ) <=> X (G) >r + l. (1.3) 
Since .KV+i (2 P ) and i4T r (2 r ) we have 

F„(2 r ;g)=r + 1 if q>r + 2. 
In [2] Dirac proved the following 
Theorem 1.1 ( 2 J). Let G be a graph such that x(G) > r + 1 and cl(G) < r. Then 

(a) |^(G)| >r + 3; 

(b) // \V(G)\ = r + 3 then G = K r ^ 3 + G 5 . 

According to (|1.3[) . Theorem ll.ll is equivalent to the following 
Theorem 1.2. Let r > 2 be a positive integer. Then 

(a) F t) (2 r ;r+l) = r + 3; 

(b) K r —s + G5 is the only extremal graph in H v (2 r ; r + 1). 

In [14j Luczak, Rucihski and Urbahski defined for arbitrary positive integers 
ai , . . . , a r the numbers 

r 

m = ^~~^(aj — 1) + 1 and p = max{ai, . . . , a r }. (1-4) 

i=l 

and proved the following extension of Theorem 11.21 

Theorem 1.3 ([H]). Let a%,...,a r be positive integers and m and p be defined 
by (fl~4)) . Letm>p+l. Then 

(a) F v (ai, . . . ,a r ;m) = m + p; 

(b) K m - p -i + G2p+i is the only extremal graph in H v (a%, . . . , a r ; m). 
An another extension of Theorem 11.11 was given in [21j . 

From (jl.ip it follows that the numbers F v (ai, . . . ,a r ;m — 1) exists if and only 
if m > p + 2. The exact values of all numbers F v (a\, . . . ,a r ;m — 1) for which 
p = max{ai, . . . , a r } < 4 are known. A detailed exposition of these results was given 
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in |13j and |23j . We do not know any exact values of F v (a\, . . . , a r ; m— 1) in the case 
when maxjai, . . . , a r } > 5. Here we shall note only the values F v (a%, . . . , a r ; m — 1) 
when a% = a% = ■ ■ ■ = a r = 2, i.e. of the numbers F v (2 r ;r). From (|1.2[) these 
numbers exist if and only if r > 3. If r = 3 and r = 4 we have that 

i^(2 3 ;3) = ll; (1.5) 
F fl (2 4 ;4) = ll. (1.6) 

The inequality F v (2$; 3) < 11 was proved in [15] and the opposite inequality 
-Fi,^; 3) > 11 was proved in pQ. The equality (|1.6p was proved in[18] (see also 
|19j). If r > 5 we have the following 

Theorem 1.4 ([17], see also [24] )• Letr>5. Then: 

(a) F„(2 r ;r) = r + 5; 

(b) + C5 + C5 is the only extremal graph in H v (2 r ; r). 
Theorem ll.4f a) was proved also in [8] and [H] , 

According to (|1.2p the number i 7 ! ! ,(2 r .; r — 1) exists if and only if r > 4. In [17 
we prove that 

F„(2 r ;r - 1) = r + 7 if r > 8. (1.7) 
In this paper we shall improve (|1.7|) proving the following 
Theorem 1.5. Let r > 4 be an integer. Then 

(a) F v (2 r ;r-l) >r + 7; 

(b) F t ,(2 r ;r-l)=r + 7i/r>6; 

(c) F„(2 5 ;4) < 16. 

In [S] Jensen and Royle show that 

F„(2 4 ;3) = 22. (1.8) 

We see from Theorem 11.51 and (|1.8[) that F v {2§] 4) is the only unknown number 
of the kind F{2 r ;r - 1). 

From (|1.2p the Folkman number F(2 r ; r — 2) exists if and only if r > 5. In [16 
we prove that F v (2 r ; r — 2) = r + 9 if r > 11. In this paper we shall improve this 
result proving the folloing 

Theorem 1.6. Let r > 5 be an integer. Then 

(a) F„(2 r ;r-2) > r + 9; 

(b) F 1 ,(2 r ;r-2) =r + 9 i/r > 8. 

The numbers F v (2 r ] r — 2), 5 < r < 7, are unknown. 
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2 Auxiliary results 



Let G be an arbitrary graph. Define 

/(G) = X (G) - cl(G). 
Lemma 2.1. Let G be a graph such that f(G) < 2. Then \V(G)\ > x(G) + 2/(G). 

Proof. Since X (G) > cl(G), /(G) > 0. If /(G) = the inequality is trivial. 
Let /(G) = 1 and x(G) = r + 1. Then cl(G) = r. Note that r > 2 because 
X(G) ^ cl(G). By (H3]), G £ H v (2 r ;r + 1). Thus, from Theorem [Tj^a) , it follows 
|V(G)| > r+3 = 2/(G)+x(G). Let /(G) = 2and X (G) =r+l. Then cl(G) =r-l. 
Since x(G) ^ cl(G), cl(G) = r- 1 > 2, i.e. r > 3. From Theorem Ota), |L5l) and 
P^l) we obtain that \V{G)\ > r + 5 = x(G) + 2/(G). This completes the proof of 
Lemma 12.11 □ 

Let G = Gi + G 2 . Obviously, 

X (G) = x(G 1 ) + x(G 2 ); (2.1) 

cl(G) = cl(Gi) + cl(G 2 ). (2.2) 

Hence, 

/(G) = /(d) + /(G 2 ). (2.3) 

A graph G is defined to be vertex-critical chromatic if x(G — v) < x(G) for all 
v E V(G). We shall use the following result in the proof of Theorem 11.61 

Theorem 2.1 ([4], see also [5]). Let G be a vertex- critical chromatic graph and 
X(G) > 2. // \V(G)\ < 2 X (G) - 1, then G = Gi + G 2 , where V{G l ) ^ ; i = 1, 2. 



Remark. In the original statement of Theorem [271] the graph G is edge-critical 
chromatic (and not vertex-critical chromatic). Since each vertex-critical chromatic 
graph G contains an edge-critical chromatic subgraph H such that x(G) = x(H) 
and V(G) = V(H), the above statement of this theorem is equivalent to the original 
one. They are also more convenient for the proof of Theorem II. 61 

Let G be a graph and A C V(G) be an independent set of vertices of the graph 
G. It is easy to see that 

G A (2 r ), r>2^G-A^ (2 r _i). (2.4) 

Lemma 2.2. Let G e H v (2 r ; q), q > 3 and \V(G)\ = F v (2 r ; q). Then 

(a) G is a vertex- critical (r + l)-chromatic graph; 

(b) if q < r + 3 then cl(G) = q - 1. 

Proof. By (|1.3[) . x(G) > r + 1. Assume that (a) is wrong. Then there exists 
v e V(G) such that x(G - v) > r + 1. According to dOJ), G - v € H v (2 r ;q). This 
contradicts the equality |V(G)| = F v (2 r ;q). 
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Assume that (b) is wrong, i.e. cl(G) < q — 2. Then from q < r + 3 it follows that 
cl(G) < r + 1. Since %(G) > r + 1 there are a, b G V(G) such that [a, 6] g £J(G). 
Consider the subgraph G\ = G — {a, b}. We have r > 2, because x(G) cl(G). 
Thus, from fl2_3) and cl(G) < g — 2 it follows that G x G H v (2 r -i;q - 1). Obviously, 
G\ 6 H v (2 r -i;q — 1) leads to -fTi + Gi € H v (2 r ;q). This contradicts the equality 
\V(G)\ = F v (2 r ;q), because \V(Ki+Gi)\ = \V(G)\ - 1. LemmaEJis proved. □ 

Lemma 2.3. Let G G H v (2 r ;q), r > 2. Then 

\V(G)\>F v (2 r _ 1 ;q)+a(G). 

Proof. Let ^4 C V^(G) be an independent set such that \A\ — a(G). Consider the 
subgraph Gi = G - A, According to (|2"^3J). Gi G H v (2 r ^ 1 ;q). Hence |V(Gi)| > 
i^(2 r _i;g). Since \V(G)\ = |V(Gi)| + a(G), LemmaHJis proved. □ 

We shall use also the following three results: 

F„(2,2,p;p+1) > 2p + 4, see [ID]; (2.5) 
F„(2,2,4;5) = 13, see [22]. (2.6) 

Theorem 2.2 ([12]). Let G be a graph, cl(G) < p and \ V(G)\ >p + 2,p>2. Let 
G also have the following two properties: 

(i) Gh (2,2,p); 

(ii) J/V(G) = Vi U y 2 U V3 «s a {2,2,p)-free 3-coloring then \Vl\ + \V 2 \ < 3. 
Then G = K 1 +G 1 . 

3 An upper bound for the numbers F v (2 r ;q) 

Consider the graph P, whose complementary graph P is given in Fig. [T] This 




Figure 1: Graph P 
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graph is a well-known construction of Greenwood and Gleason [5J, which shows 
that R(5, 3) > 14, because \V(P)\ = 13 and 

a(P) = 2; (3.1) 
cl(P)=4 see [5J. (3.2) 

From \V(P)\ = 13 and ((37TJ) it follows that x(P) > 7. Since U {v 2 ,t>3} U • • ■ U 
{ui2 ; W13} is a 7-chromatic partition of V(P), we have 

X (P) = 7. (3.3) 

Let r and s be non- negative integers and r > 3s + 6. Define 

P = i^- 3s -6 + P + C h + ■ ■ ■ + G 5 . 

.3 

From (HH]), (GLU), (03) and we obtain that x(P) = r+1 and cl(P) = r-s-2. 
By (fOJ) P G H v (2 r ; r - s - 1) and thus 

P K (2 r ;r-s-l) < \V(P)\. 

Since |F(P)| = r + 2s + 7, we prove the following 

Theorem 3.1. Let r and s be non-negative integers and r > 3s + 6. Then 

F v (2 r ;r-s-l) < r + 2s + 7. 

Remark. Since r > 3s + 6 we have r — s — 1 > 2. Thus, according to (1.2), the 
numbers F v (2 r ; r — s — 1) exists. 

4 Proof of Theorem 11.51 

Proof of TheoremgJlXa). Let G € H v (2 r ;r- 1). We need to prove that \V(G)\ > 
r + 7. From Lemma 12.31 we have that 

|V(G)| >F„(2 r _ 1 ;r-l)+a(G). 

By (JO), (HU) and Theorem OJa), F v (2 r _i;r - 1) > r + 4. Hence 

|V(G)| >r + 4 + a(G). (4.1) 

We prove the inequality |V(G?)| > r + 7 by induction on r. From Table ITTTI we see 
that 

R(r - 1,3) < r + 6 if r = 4 or r = 5. (4.2) 

Obviously, from G £ H v (2 r ;r - 1) it follows that X {G) ± cl(G). Thus, a(G) > 2. 
From (14. 1|) we obtain |V(G)| > r + 6. From this inequality and (|4.2j) we see that 
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\V(G)\ > R(r- 1,3) if r = 4 or r = 5. Since cl(G) <r-l, it follows that a{G) > 3. 
Now from l|4.ip we obtain that \V(G)\ >r + 7ifr = 4orr = 5. 
Let r > 6. We shall consider two cases: 

Case 1. G h (2,2,r-2). Fr om Theorem 12.21 we see that only following two 
subcases are possible: 

Subcase la. G = K\ + G\. From G G H v (2 r ,r - 1) it follows that G\ G 
H v (2 r -i;r-2). By the inductive hypothesis, |V(Gi)| > r + 6. Therefore, \V(G)\ > 
r + 7. 

Subcase lb. There is a (2, 2, r - 2)-free 3-coloring V{G) = Vi U V 2 U V 3 such 
that | Vi | + | Va ] > 4. Consider the subgraph G = GfVy. By assumption G does not 
contain an (r — 2)-clique, i.e. cl(G) < r — 2. Since V\ and V2 are independent sets 
and G A (2 r ) it follows from $2JI that G ^> (2 r _ 2 ). Thus, G 6 H v (2 r - 2 ;r - 2). 
By (JESJ) andTheoremEHa), |F(G)| > r+3. As |^i| + |F 2 | > 4, we have |F(G)| > 7. 

Case 2. G A (2, 2,r - 2). Since cl(G) < r — 1, G e H v (2,2,r — 2;r — 1). 
From dm it follows that |F(G)| > 2(r - 2) + 4 = 2r. Hence, if 2r > r + 7, i.e. 
r > 7, we have \V(G)\ > r + 7. Let r = 6. Then G G iJ„(2, 2, 4; 5). By (j2~6)l . 
|V(G)| > 13. □ 

Proof of Theorem \1.5V b). Let r > 6. According to Theorem 1 1.5f a) we have F v (2 r ; 
r — 1) > r + 7. From Theorem 13.11 (s = 0) we obtain the opposite inequality 
F„(2 r ;r- 1) < r + 7. □ 

Proof of Theorem ] 1.5]f c). There is a 16- vertex graph G such that a(G) = 3 and 
cl(G) = 3, because i?(4,4) = 18 (see 0). From \V(G)\ = 16 and a{G) = 3 
obviously it follows that x(G) > 6. By ijOjl . G ^> (2 5 ). So, G G ^(25; 4). Hence 
i^(2 5 ;4)<|F(G)| = 16. □ 



Theorem 11.51 is proved. 

Corollary 4.1. Let G be a graph such that f (G) < 3. TTien |V(G?)| > x(G)+2/(G). 

Proof. If /(G) < 2, then Corollary O follows from LemmaO Let /(G) = 3 and 
X (G) = r + 1. Then cl(G) = r - 2. Since x(G) + 1 cl(G), cl(G) > 2. Thus, r > 4. 
By (fL~g]) . G G H v (2 r ;r - 1). From Theorem [T^a) we obtain |V(G)| > r + 7 = 
X (G) + 2/(G). □ 

Remark. In H v (2 r ; r — 1), r > 8 there are more than one extremal graph. For 
example, in H v (2 8 ; 7) besides K 2 + P (see Theorem 13. II) . the graph G5 + G5 + G5 
is extremal, too. 

5 Proof of Theorem 11.61 

Proof of Theorem[TjKa). Let G G H v (2 r ;r- 2). We need to prove that \V(G)\ > 
r + 9. From Lemma \2. 31 we have that 

\V(G)\>F v {2 r ^;r-2)+a(G). 
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By Theorem Oa), F„(2 r _ 1 ;r - 2) > r + 6. Thus, 

\V(G)\ > r + 6 + a(G). (5.1) 

We prove the inequality |V(G)| > r + 9 by induction on r. From Table fl~Tl we see 
that 

#(r-2,3) < r + 8, 5 < r < 7. (5.2) 

Obviously, from G e H v (2 r ;r - 2) it follows that x(G) ^ cl(G). Thus, a(G) > 2. 
From 1(531) we obtain |V(G)| > r + 8. This, together with implies > 

R(r - 2, 3) if 5 < r < 7. Since cl(G) < r - 2, a(G) > 3. By the inequality (f^T]) . 
|V(G)| >r + 9, 5<r<7. 

Let r > 8. Obviously, it is enough to consider only the situation when 

\V(G)\ = F v (2 r ;r-2). (5.3) 

By (|5.3p and Lemma [2T21 we have that 

G is a vertex- critical (r + 1)- chromatic graph; (5-4) 

and 

cl(G)=r-3. (5.5) 
From (fS"l| and ([53)) it follows that 

/(G) = 4. (5.6) 

We shall consider two cases. 

Case 1. \V(G)\ < 2r + 1. By (pTl]) and Theorem |2~TI we obtain that 

G = Gi + G 2 . (5.7) 

From ([5~71) . (|2~T1) and (JHHJ), obviously it follows that 

Gi, i — 1,2 is a vertex- critical chromatic graph. (5-8) 

Let /(Gi) = 0. Then, according to (]5.8[) Gi is a complete graph. Thus, it follows 
from ((57)) that G = Ifi + G'. It is clear that 

G e ff„(2 r ; r - 2) => G' e H 1; (2 r ._ 1 ; r - 3). 

By the inductive hypothesis, \V(G')\ >r + 8. Hence, |V(G)| > r + 9. Let /(Gi) ^ 
0, i = 1,2. We see from jSj]), ([215]) and JHU) that /(Gi) < 3, i = 1,2. By 
Corollary d31 we have 

\V(G i )\>x(G i ) + 2f(G i ), i = l,2. 

Summing these inequalities and using (|2.ip and (|2-3[) we obtain 

|V(G)[ > X (G) + 2/(G). (5.9) 

According to ((53), x(G) = r + 1. Thus, from f53|) and (f5T^]) it follows that 
\V(G)\ > r + 9. 

Case 2. |V(G)| > 2r + l. Since r > 8, 2r+l > r + 9. Hence |^(G)| > r + 9. □ 
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Proof of TheoremWWb). By Theorem ES^a), F v (2 r ; r - 2) > r + 9. Thus, we need 
to prove the opposite inequality F v (2 r ;r — 2) < r + 9 ifr > 8. If r > 9, this 
inequality follows from Theorem 13. II (s = 1). Let r = 8. By i?(6,3) = 18, [TT] (see 
also [7]), there is a graph Q such that U(G) = 17, a(Q) = 2 and cl(Q) = 5. From 
\V(Q)\ = 17 and a{Q) = 2 obviously it follows that \{Q) > 9. Thus, by fL3|) . 
Q ^ (2 8 ). Hence Q G H v {2 8 ;6) and F„(2 8 ;6) < |V(Q)| = 17. Theorem HU is 
proved. □ 

Corollary 5.1. Lei G be a graph such that /(G) < 4. TTien |F(G)| > x(G)+2/(G). 

Proof. If /(G) < 3, then Corollary O follows from Corollary gU Let /(G) = 4 
and x(G) = r + 1. Then cl(G) = r - 3. Since X (G) / cl(G), cl(G) > 2. Thus, 
r > 5. By p3]l . G £ H v (2 r ;r-2). Using Theorem [TJJa), we get |V(G)| > r + 9 = 
X (G) + 2/(G). □ 

Let r > 3s + 8. Define 

Q = + Q + G 5 + • • • + G 5 , 

V v ' 

s 

where graph Q is given in the proof of Theorem ll.6f b) 
X(Q) > 9 > we have by ([271]) and (HHJ) that cl(Q) = r - s 
According to (O, Q G i?^(2 r ; r - s - 2). Thus, F„(2 r ; r - 
^(Q)l = r + 2s + 9, we obtain the following 

Theorem 5.1. Lei r and s be non-negative integers and r > 3s + 8. TVien 

F„(2 r ;r-s-2) <r + 2s + 9. 



Since cl(Q) = 5 and 

- 3 and x{Q) > r + 1. 

- s-2) < \V(Q)\. Since 



References 

[1] Chvatal, V. The minimality of the Mycielski graph. Lecture Notes Math., 406, 
1979, 243-246. 

[2] Dirac, G. Map colour theorems related to the Heawood colour formula. J. 
London Math. Soc, 31, 1956, 460-471. 

[3] Folkman, J. Graphs with monochromatic complete subgraphs in every edge 
coloring. SI AM J. Appl. Math. 18, 1970, 19-24. 

[4] Gallai, T. Kritische graphen II, Publ. Math. Inst. Hungar. Acad. Sci., 8, 1963, 
373-395. 

[5] Gallai, T. Critical Graphs. In: Theory of Graphs and Its Applications, Pro- 
ceedings of the Symposium held in Smolenice in June 1963, Czechoslovak Acad. 
Sciences, Prague, 1964, pp. 43-45. 

[6] Greenwood, R., A. Gleason. Combinatorial relation and chromatic graphs. 
Canad. J. Math., 7, 1955, 1-7. 



10 



[7] Grinstead, C, S. Roberts. On the Ramsey numbers i?(3,8) and i?(3,9). J. 
Comb. Theory, B33, 1982, 27-51. 

[8] Guta, P. On the structure of fc-chromatic critical graphs of order k + p. Stud. 
Cere. Math., 50, 1998, No 3-4, 169-173. 

[9] Jensen, T., G. Royle. Small graphs with chromatic number 5: a computer 
research. J. Graph Theory, 19, 1995, 107-116. 

[10] Kalbfleish, J. On an Unknown Ramsey Number. Michigan Math. J., 13, 1966, 
385-392. 

[11] Kcry, G. On a theorem of Ramsey Mat. Lapok, 15, 1964, 204-224. 

[12] Kolev, N., N. Nenov. Folkman number F e (3,4; 8) is equal to 16. Compt. rend. 
Acad. bulg. Set, 59, 2006, No 1, 25-30. 

[13] Kolev, N., N. Nenov. New recurrent Inequality on a Class of Vertex Folk- 
man Numbers. In: Proc. 35th Spring Conf. of Union Bulg. Mathematicians, 
Borovets, April 5-8, 2006, pp. 164-168. 

[14] Luczak, T., A. Rucihski, S. Urbahski. On minimal vertex Folkman graphs. 
Discrete Math., 236, 2001, 245-262. 

[15] Mycielski, J. Sur le coloriage des graphes. Colloq. Math., 3, 1955, 161-162. 

[16] Nenov, N. Lower bound for some constants related to Ramsey graphs. Annuaire 
Univ. Sofia Fac. Math. Mech., 75, 1981, 27-38 (in Russian). 

[17] Nenov, N. On the Zykov numbers and some its applications to Ramsey theory. 
Serdica Bulg. Math. Publ, 9, 1983, 161-167 (in Russian). 

[18] Nenov, N. The chromatic number of any 10-vertex graph without 4-cliques is 
at most 4. Compt. rend. Acad. bulg. Sci., 37, 1984, 301-304 (in Russian). 

[19] Nenov, N. On the small graphs with chromatic number 5 without 4-cliques. 
Discrete Math., 188, 1998, 297-298. 

[20] Nenov, N. On a class of vertex Folkman graphs. Annuaire Univ. Sofia Fac. 
Math. Inform., 94, 2000, 15-25. 

[21] Nenov, N. A generalization of a result of Dirac. Ann. Univ. Sofia Fac. Math. 
Inform., 95, 2001, 59-69. 

[22] Nenov, N. On the 3-coloring vertex Folkman number F(2, 2, 4). Serdica Math. 
J., 27, 2001, 131-136. 

[23] Nenov, N. On a class of vertex Folkman numbers. Serdica Math. J., 28, 2002, 
219-232. 



11 



[24] Nenov, N. On the triangle vertex Folkman numbers. Discrete mathematics, 
271, 2003, 327-334. 

[25] Radziszowski, S. Small Ramsey numbers. The Electronic Journal of Combina- 
torics, Dynamic Survay, version 11, August 1, 2006. 

Faculty of Mathematics and Informatics 

St. Kl. Ohridski University of Sofia 

5, J. Bourchier Blvd. 

BG-1164 Sofia, Bulgaria 

e-mail: nenov@fmi.uni-sofia.bg 



12 



